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While the third harmonic of a monochromatic pump field with a frequency �0 is generated exactly at the
frequency 3�0, frequency tripling of broadband ultrashort pump pulses in extended nonlinear media tends to
generate isolated spectral peaks substantially shifted from 3�0. We demonstrate this phenomenon by studying
nonlinear spectral transformations of femtosecond Cr:forsterite laser pulses in multimode photonic-crystal
fibers. Third-harmonic generation is shown to map adjacent guided modes of the third harmonic onto a
manifold of spectral peaks within a 150-THz range around 3�0. The spectral shifts and the widths of these
peaks are controlled by the phase and group-velocity mismatch between the pump field and third-harmonic
modes, as well as the length of nonlinear-optical interaction and broadening of the pump spectrum, allowing
the spectral content of the third-harmonic signal to be engineered by tailoring the fiber dispersion.
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Third-harmonic generation �THG� is one of the basic non-
linear wave phenomena observed in various areas of nonlin-
ear physics, including fluid mechanics, plasma physics, and
electrodynamics �1–3�. In optics, THG has been known and
employed for frequency conversion and spectroscopic appli-
cations from the early days of the laser era �4�. For mono-
chromatic waves, energy conservation dictates the relation
3�0=�0+�0+�0 between the frequency �0 of the incoming
wave, referred to as the pump, and the frequency 3�0 of the
third harmonic. A broad bandwidth of short field waveforms
adds an uncertainty to the THG energy conservation relation,
with the mapping between the pump and third-harmonic
spectra controlled by the regime of nonlinear-optical interac-
tion. Momentum conservation, known as phase matching in
nonlinear optics, and nonlinear phase shifts of the pump and
third-harmonic fields have been identified �5,6� as the main
physical factors influencing the spectrum of the third har-
monic in ultrafast nonlinear optics. Both momentum mis-
match and nonlinear phase shifts accumulate with propaga-
tion distances. The mapping between the pump and third-
harmonic spectra can therefore become especially
complicated in waveguide regimes of nonlinear-optical inter-
actions. Recently invented photonic-crystal fibers �PCFs�
�7–9� provide a radical enhancement of nonlinearities due to
the field confinement in the fiber core �9� and allow disper-
sion profiles of guided modes to be tailored by PCF structure
engineering �10�, leading to large coherence lengths of
nonlinear-optical interactions. THG has been shown to dis-
play interesting new features under these conditions. Asym-
metric spectral broadening of the third-harmonic spectrum
and noticeable spectral shifts of the third harmonic have been
observed in recent experiments with fused silica �11–16� and
soft-glass �17� PCFs, as well as with tapered fibers �18�.

In this work, we demonstrate that, unlike THG in a mono-
chromatic pump field, frequency tripling of ultrashort pulses
in extended nonlinear media tends to form isolated spectral
peaks substantially shifted from the 3�0 frequency. We will

investigate spectral transformations of femtosecond pulses of
1.24- to 1.25-�m Cr:forsterite laser radiation in multimode
PCFs and show that THG maps adjacent guided modes of the
third harmonic onto a manifold of spectral peaks within a
140-THz range around 3�0. The spectral shifts and the
widths of these peaks are controlled in this regime by the
phase and group-velocity mismatch between the pump field
and third-harmonic modes, as well as the length of nonlinear-
optical interaction and broadening of the pump spectrum,
allowing the spectral content of the third-harmonic signal to
be engineered by tailoring the fiber dispersion.

We start with qualitative arguments illustrating phase
matching for THG generalized to include the phase and
group-velocity mismatch of the pump and third-harmonic
fields. We represent the propagation constants �p and �h of
guided modes at the frequencies of the pump field and the
third harmonic as

�p��� � ���0� + vp
−1�/3, �1�

�h�3�� � ��3�0� + vh
−1� , �2�

where �0 is the central frequency of the pump field, vp,h−
= ��� /����0,3�0

−1 are the group velocities of the pump and its
third harmonic, and �=3�−3�0. In writing Eqs. �1� and �2�,
we neglect group-velocity dispersion and higher-order dis-
persion effects, as well as nonlinear phase shifts of the pump
and third-harmonic fields induced through self- and cross-
phase modulation. Using Eqs. �1� and �2�, we write the phase
mismatch for THG as

�� = �h − 3�p � ��0 + �� , �3�

where ��0=��3�0�−3���0� is the phase mismatch of the
pump and third-harmonic propagation constants at the cen-
tral frequencies of these fields and �=vh

−1−vp
−1 is the group-

velocity mismatch.

PHYSICAL REVIEW E 73, 016610 �2006�

1539-3755/2006/73�1�/016610�7�/$23.00 ©2006 The American Physical Society016610-1

http://dx.doi.org/10.1103/PhysRevE.73.016610


In a multimode regime of THG, the pump field coupled
into a single �most often fundamental� guided mode can gen-
erate several guided modes of the third harmonic. Phase
matching for a pair of third-harmonic modes is generally
achieved at different frequency shifts �1 and �2 with respect
to 3�0. The difference of �1 and �2 can be found from Eq.
�3�:

�� = �2 − �1 =
��01

�1
−

��02

�2
, �4�

where ��0i and �i are the phase and group-velocity mis-
match values for the first and second modes of the third
harmonic �i=1,2�.

Figure 1 presents the phase mismatch calculated for the
generation of the third harmonic of 1.24-�m Cr:forsterite
laser radiation in a fiber consisting of a fused silica core with
a radius of 2 �m and an air cladding. This simplified fiber
model serves to illustrate the basic THG phase-matching op-
tions offered by a high-index-step fused silica PCF employed
in our experiments �shown in the inset to Fig. 1�, where the
solid core is linked to the outer part of the cladding by thin
submicrometer fused silica bridges. With the pump field

coupled into the fundamental HE11 mode of the PCF, phase
matching, as shown by Fig. 1, is achieved for several adja-
cent high-order modes of the third harmonic. The THG
phase-matching wavelengths for EH14, TE04, and EH52
modes of the considered fiber are 370, 425, and 438 nm,
respectively. We can thus expect the appearance of multiplets
of peaks in the spectrum of the third harmonic, representing
phase-matched modes of the third-harmonic field.

We now apply a standard approach of the slowly varying
envelope approximation �SVEA� �3� to analyze the spectrum
of the third harmonic as a function of the pump-field param-
eters and the phase mismatch. The SVEA coupled equations
for the envelopes of the pump and third-harmonic fields,
A�t ,z� and B�t ,z�, are written as

� �

�t
+

1

vp

�

�z
�A = i�1A�A�2, �5�

� �

�t
+

1

vh

�

�z
�B = i��A�3 exp�− i��0z� + 2i�2B�A�2, �6�

where vp and vh are the group velocities of the pump and
third-harmonic pulses, respectively, and �1, �2, and � are the
nonlinear coefficients responsible for self-phase modulation
�SPM�, cross-phase modulation �XPM�, and third-harmonic
generation, respectively.

Solution of Eqs. �5� and �6� yields �5,6�

FIG. 2. �Color online� Spectra of the third harmonic generated
with no SPM of the pump �curve 1� and with a SPM-broadened
pump �curves 2 and 3� with �I0L=1 �curve 2� and 2 �curve 3�;
�k0	 /�=−6, �L /	=20. The inset illustrates narrowing of the main
peak in the spectrum of the third harmonic with ��0	 /�=−1 and
�L /	=2 �curve 1�, 4 �curve 2�, and 10 �curve 3�.

FIG. 1. �Color online� Mismatches of propagation constants ��
calculated for the EH14 �curve 1�, TE04 �2�, and EH52 �3� modes of
the third harmonic generated by the fundamental mode of 1.24
-�m pump radiation in an air-clad fused silica fiber with a core
radius of 2 �m. The inset shows a scanning electron microscope
image of the PCF employed in the experiments.
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A�tp,z� = A0�tp�exp�i
SPM�tp,z�� , �7�

B�th,z� = i�	
0

z

dz�A0
3�th + �z��exp�− i��0z�

+ 3i
SPM�th + �z�,z�� + i
XPM�th,z�,z��� , �8�

where tl= �t−z /vl� with l= p ,h for the pump and the field,
respectively; A0�t� is the initial-condition envelope of the
pump pulse; 
SPM�tp ,z�=�1�A0�tp��2z is the SPM-induced
phase shift of the pump field; and 
XPM�th ,z� ,z�
=2�2
z�

z �A0�th+�z���2dz� is the XPM-induced phase shift of
the third-harmonic field.

In the regime where the nonlinear phase shifts are small,
the Fourier transform of Eq. �8� yields the following expres-
sion for the spectrum of the third-harmonic intensity:

I��,z� � �2sin2����0 + ���z/2�
���0 + ���2 �	

−�

� 	
−�

�

A�� − ���

A��� − ���A����d��d���2

, �9�

where A��� is the spectrum of the input pump field. In the
regime of small nonlinear phase shifts, phase-matching ef-
fects can be thus decoupled from the influence of the spec-
trum of the pump field. While the phase matching is repre-
sented by the argument in the sin�x� /x function in the first
factor on the right-hand side of Eq. �9�, the significance of
the pump spectrum is clear from the convolution integral
appearing in this expression. Depending on the signs of the

phase and group-velocity mismatch, ��0 and �, the peak in
the spectrum of the third harmonic can be either red- or
blueshifted with respect to the frequency 3�0. The spectral
width of this peak, as can be seen from Eq. �9�, is given by
��2�����z�−1, decreasing as z−1 with the growth in the
propagation coordinate z �the inset in Fig. 2�.

With low pump powers, the generalized phase-matching
condition of Eq. �3�, as can be seen also from the exponential
factor in Eq. �9�, defines the central frequency 3�0+�max,
�max=−��0 /�, of the peak in the spectrum of the third har-
monic. The amplitude of this peak, as shown by Eq. �9�, is
determined by the amplitudes of the pump field components
with frequencies �1=�0+�max−��, �2=�0+��−��, and
�3=�0+��, which can add up to transfer the energy to the
3�0+�max component in the spectrum of the third harmonic
through the �1+�2+�3=3�0+�max process. The spectrum
of the pump field should be thus broad enough to provide a
high amplitude of this peak. In the regime when the SPM-
induced broadening of the pump spectrum is small, the tun-
ability range of the third harmonic �i.e., the range of fre-
quency offsets �� is mainly limited by the bandwidth of the
input pump field �curve 1 in Fig. 2�. A similar spectral shift,
limited to small � by a field-unperturbed pump spectrum and
short interactions lengths, typical of nonlinear crystals, has

FIG. 3. �Color online� The spectrum of unamplified pump pulses
with an input energy of 0.5 nJ transmitted through a PCF section
with a length of 8 cm. The inset shows the input spectrum of pump
pulses.

FIG. 4. �Color online� Output spectra for an 8-cm section of
PCF with 0.5-nJ 60-fs Cr:forsterite laser pulses at the input of the
fiber: �a� the total output and �b� the short-wavelength part of the
spectrum.
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been earlier predicted by Akhmanov et al. �19� for second-
harmonic generation.

Curves 2 and 3 in Fig. 2 illustrate the expansion of the
tunability range of the third harmonic due to a SPM-induced
spectral broadening of the pump field, examined by taking
the Fourier transform of Eq. �8� including the nonlinear
phase shifts. With �I0L=1 �L is the interaction length, I0 is
the pump-field peak intensity, �I0=�1�A0�tp=0��2, �2=3�1�,
the spectrum of the pump field is broad enough to produce a
high-amplitude peak at �max=−6/	. The peak becomes nar-
rower as the length of the nonlinear medium increases �cf.
curves 1–3 in the inset to Fig. 2�, suggesting a convenient
way for an efficient generation of short-wavelength radiation
with a well-controlled spectrum for spectroscopic and met-
rological applications. Generation of high-amplitude well-
resolved narrowband third-harmonic peaks with large shifts
� thus requires a mechanism for an efficient spectral broad-
ening of the pump field. We will experimentally show below
that this requirement can be satisfied with PCFs.

The laser setup employed in our experiments to study
THG in PCFs was based on a femtosecond Cr:forsterite os-
cillator �described in detail elsewhere �20��, pumped by
1064-nm, 8.5-W radiation of a neodymium-doped yttrium
aluminum garnet �Nd:YAG� laser system. The Cr:forsterite
laser oscillator delivered 60-fs pulses of output radiation
with a central wavelength of 1238 nm �see the inset in Fig.
3� and an average power in excess of 300 mW at a pulse
repetition rate of 120 MHz. Both unamplified and amplified
pulses of Cr:forsterite laser radiation were used as a pump

for THG experiments in PCFs. For amplification, the laser
pulses generated by the master oscillator were transmitted
through a stretcher and an isolator, to be amplified in a
Nd:YLF-laser-pumped amplifier and recompressed to the
110-fs pulse duration with the maximum laser pulse energy
up to 40 �J at 1 kHz.

The output laser beam was collimated with a 2 collima-
tor and coupled into a PCF �shown in the inset to Fig. 1�
placed on a three-dimensional translation stage using a 40
 microscope objective. A beam splitter and 10 objectives
were employed to focus radiation coming out of the PCF
onto the entrance slit of a Jobin-Yvon HR 640 spectrometer
and the input of a fiber-coupled OceanOptics spectrometer,
allowing both the infrared �up to 1.5 �m� and the uv-visible
�from 255 nm� parts of the output spectrum to be simulta-
neously detected. With a coupling efficiency estimated as
30%, the typical energy of femtosecond pulses coupled into
the fiber was about 0.5 nJ.

Figure 3 presents the spectrum of unamplified pump
pulses with an input energy of 0.5 nJ transmitted through an
8-cm PCF sample with the cross-section structure shown in
the inset to Fig. 1. As the pump pulse propagates through the
PCF, it becomes spectrally broadened due to SPM and four-
wave-mixing phenomena �21�, providing a sufficient pump
power density for THG within a broad spectral range. In Fig.
4�a�, we present a typical total output spectrum recorded
within a broad wavelength range for an 8-cm section of PCF
with a 0.5-nJ pulse of the Cr:forsterite laser at the input of
the fiber. This spectrum features a spectrally isolated group

FIG. 5. �Color online� �a� Intensity spectrum of the blueshifted output of a 10-cm PCF with the energy of the input 60-fs Cr:forsterite
laser pulse equal to 0.4 nJ �1� and the phase mismatch �� calculated for third-harmonic generation in the experimentally detected high-order
PCF mode �2�. �b� The field intensity profile in this signal. �c� The field intensity profile in the high-order PCF mode calculated with the use
of the localized function expansion technique.
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of emission lines within the range of wavelengths from about
360 to 445 nm. A wide gap separating this group of spectral
lines from the red part of the output radiation spectrum, with
no emission observed within the range of wavelengths from
445 to 880 nm, emission in the 360–445 nm wavelength
range cannot be interpreted as a part of the supercontinuum
generation process. The spectral range where this blueshifted
emission is observed suggests that this signal may originate
from THG, which has been earlier identified �11–15,17� as
one of the important processes contributing to nonlinear-
optical spectral transformations of ultrashort pulses in PCFs.

As can be seen from a higher-resolution spectrum pre-
sented in Fig. 4�b�, the short-wavelength part of the PCF
output spectrum features three well-resolved groups of spec-
tral peaks observed within the range of wavelengths from
361 to 445 nm, corresponding to approximately 150 THz in
the frequency domain. The central wavelengths of these
groups of peaks agree reasonably well with the results of our
phase-matching analysis, presented in Fig. 1, indicating
phase-matched THG in higher-order modes of the PCF. The
complicated shape of the group of peaks observed in the
�361–378�-nm wavelength region is attributed to phase
matching achieved for orthogonally polarized guided modes,
which have slightly different propagation constants because
of the PCF birefringence.

To investigate the details of transverse field intensity dis-
tribution in the third-harmonic signal at the output of the
PCF, we slightly change the experimental conditions by tilt-
ing the fiber axis with respect to the input laser beam in such
a way as to generate a blueshifted output with a spectrum
dominated by one high-intensity emission peak at 366 nm
�curve 1 in Fig. 5�a��. Figure 5�b� displays the field intensity
profile in this signal, visualized by imaging the blue emission
at the output of the PCF on a white screen. By comparing the
measured field intensity profile with the results of our nu-
merical simulations �Fig. 5�c��, performed with the use of the
localized function expansion technique �22�, we identify the
beam pattern in Fig. 5�b� as the transverse field intensity
distribution in one of the high-order PCF modes. Line 2 in
Fig. 5�a� shows the results of localized-function calculations
for the phase mismatch �� between the third harmonic gen-
erated in this mode and the fundamental mode of Cr:forster-
ite laser radiation used as a pump field. According to these
calculations, the THG process in the considered PCF mode is
phase matched at 367 nm, which agrees well with the experi-
mental observation of an intense signal at 366 nm in the PCF
output spectrum �line 1 in Fig. 5�a��.

The regime of THG illustrated by Figs. 5�a�–5�c� is very
interesting both physically and methodologically, as it allows
a reasonably accurate analysis of mode properties of the
third-harmonic signal due to the simplicity of the third-
harmonic spectrum, which is dominated by a single isolated
spectral line �line 1 in Fig. 5�a��. We have shown that this
dominant peak in the blueshifted PCF output represents
phase-matched THG in a high-order PCF mode. Typically,
however, third-harmonic spectra include several high-
amplitude peaks �Fig. 4�b��, corresponding to several PCF
modes simultaneously phase matched for the given regime of
nonlinear-optical interaction. Output beam patterns are quite
complicated in that situation, as they represent a mixture of

several high-order PCF modes, which makes the analysis of
spatial mode properties of the output third-harmonic signal
much less transparent and reliable. In particular, although we
established a reasonable correlation between the modes that
phase-match THG in the PCF �Fig. 1� and third-harmonic
spectra at the output of the PCF �Fig. 4�b��, analysis of out-
put beam profiles corresponding to Figs. 4�a� and 4�b� turns
out to be not very productive in view of the complicated
mixture of modes controlling the output beam pattern. We,
therefore, restrict our discussion of this issue here to the
methodologically transparent example of Figs. 5�a�–5�c�.

Expression �9� predicts a spectral narrowing of phase-
matched frequency-shifted peaks in the spectrum of the third
harmonic with the growth in the interaction length. To ob-
serve this effect, we compared the spectra of the third har-
monic generated in 6- and 15-cm PCFs by amplified Cr:for-
sterite laser pulses with an initial duration of 110 fs and an
input energy of 10 nJ. The results of this comparison are
presented in Fig. 6. The spectral peaks centered at 365 and
376 nm tend to become narrower in longer PCFs, forming a
doublet of well-resolved narrowband signals for PCFs longer
than 15 cm. This behavior of the spectral features of the third

FIG. 6. �Color online� The spectra of a blueshifted component in
the spectrum of the third harmonic generated by amplified 10-nJ
Cr:forsterite laser pulses with an initial duration of 110 fs in a PCF
with a length of �1� 6 and �2� 15 cm. The inset presents the spectra
of one of the third-harmonic spectral components generated in a
1-�m-diameter waveguide channel in a 10-cm PCF by unamplified
60-fs pump pulses with different input energies: �1� 0.5, �2� 0.7, �3�
0.9, and �4� 1.1 nJ.
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harmonic generated in the PCF agrees very well with our
theoretical analysis.

In the presence of a strong pump field, the phase-
matching condition of Eq. �3� should be modified to include
the SPM- and XPM-induced nonlinear phase shifts. With
�I0=�1�A0�tp=0��2 and �2=3�1, this field-corrected phase-
matching condition yields ��P�=−���0+3�P� /�, where P
is the pump peak power. For a typical situation of small-core
fused silica waveguide channels and PCFs with ��0�0, �
�0, and ��0, the Kerr noninearity leads to a blueshifting of
phase-matched peaks in the spectrum of the third harmonic
with the growth in the pump intensity. This effect is observed
for the third harmonic generated by unamplified 60-fs Cr:for-
sterite laser pulses in small-diameter fused silica waveguide
channels in the PCF cladding off the central fiber core. A
strong confinement of the laser field in these high-index-step
small-diameter waveguides substantially enhances the non-
linearity �23–25�, giving rise to large nonlinear phase shifts
of the pump and third-harmonic fields. The increase in the
energy of the pump pulses under these conditions leads to a
substantial blueshifting of third-harmonic peaks, in accor-
dance with the field-corrected phase-matching condition �see
the inset in Fig. 6�. The maximum efficiency of THG, de-
fined as the ratio of the total energy of radiation emitted
within the �361–460�-nm wavelength range to the energy of
the input pump pulse, was estimated as 0.5% in these experi-
ments.

The experimental results presented in this paper demon-
strate that PCFs are ideally suited for non-3� THG, allowing
efficient tunable frequency up-conversion based on this phe-
nomenon. PCFs possess a unique combination of properties
required to achieve large frequency shifts �, still providing
large amplitudes of spectrally shifted peaks with almost no
energy converted to the frequency 3�0. Dispersion of guided

modes in PCFs can be tailored by changing the structure of
the fiber �10�, helping, as shown above, to achieve phase
matching for a given frequency of the pump field. PCFs can
provide the maximum waveguide enhancement of nonlinear-
optical processes �23–25� due to the strong confinement of
the field in a small-size fiber core and a high-refractive-index
step between the core and the cladding. This enhanced non-
linearity leads to an efficient spectral broadening of the pump
field �which typically involves not only SPM, but also a va-
riety of PCF-enhanced nonlinear processes; see, e.g., �26� for
a review�, expanding the spectral range around the frequency
3�0 where high-amplitude �-shifted peaks can be generated.
Finally, large interaction lengths typical of PCFs not only
result in high THG conversion efficiencies, but also, as
shown in the previous section, help to produce spectrally
isolated narrowband �-shifted peaks around the frequency
3�0, serving as a source of high-spectral-quality blue visible
and ultraviolet radiation.
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